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ABSTRACT
We classify the asymptotic charges of a class of polyhomogeneous asymptotically-flat space-
times with finite shear, generalising recent results on smooth asymptotically-flat spacetimes.
Polyhomogenous spacetimes are a formally consistent class of spacetimes that do not satisfy the
well-known peeling property. As such, they constitute a more physical class of asymptotically-
flat spacetimes compared to the smooth class. In particular, we establish that the generalised
conserved non-linear Newman-Penrose charges that are known to exist for such spacetimes are
a subset of asymptotic BMS charges.
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1 Introduction
One of the most striking results in the mathematical study of gravitational waves in general
relativity is the so-called peeling property [1–3] (see, e.g., also Ref. [4]). The peeling property
is a statement regarding the asymptotic behaviour of the Weyl tensor components as one
approaches null infinity. For a smooth asymptotically-flat spacetime, the result follows from
the assumed smoothness of the unphysical spacetime upon conformal compactification [5]. In
Bondi coordinates [1, 2], it is
Cabcd = r
−1C
(N)
abcd + r
−2C
(III)
abcd + r
−3C
(II)
abcd + r
−4C
(I)
abcd +O(r
−5), (1.1)
where r is an affine parameter along an outgoing null geodesic. The superscripts on the
Weyl tensors on the RHS denote the components of the Weyl tensor in a null basis that is
used to define the Petrov type of the spacetime. Thus, the leading order term corresponds
to the Weyl tensor components of Petrov type N. Given that the Weyl tensor encompasses
the remaining degrees of freedom in the curvature, the peeling property can be viewed as a
statement regarding the fall-off behaviour of isolated gravitating bodies and the radiation they
emit. However, already in Ref. [3] (see footnote 27), doubts were expressed regarding the
validity of the assumptions that lead to this result. Since then, the question of the validity of
the peeling property has attracted much research; see e.g. Refs. [6–16]. What is clear by now
is that the smoothness assumption precludes many interesting physically relevant cases. One
class of spacetimes that move away from the smoothness assumption are those that admit a
polyhomogeneous expansion [12]. These spacetimes are formally consistent with the Einstein
equations and admit the BMS group as an asymptotic symmetry group [12], have a well-
defined Trautman-Bondi mass parameter [17] and admit Newman-Penrose charges [18, 19].
Importantly, they provide an example of a more realistic class of asymptotically-flat spacetimes
than the smooth case.
In this paper, we shall study the asymptotic BMS charges admitted by polyhomogeneous
spacetimes that have a finite shear [18]. This subset of polyhomogeneous spacetimes have a
slightly better fall-off property at leading order compared with the most general spacetimes.
We will concentrate on this large subset of polyhomogeneous spacetimes in order to make the
rather involved calculations tractable. However, we are confident that the results obtained in
this paper may be generalised to the full class.
In recent work, a relation has been established [20, 21], in the smooth case, between
Newman-Penrose charges [22], which are a set of ten conserved non-linear charges at null
infinity, and asymptotic BMS charges [23–25], which are the charges associated with the gen-
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erators of the BMS algebra via the Noether theorem. Although, such a relation ought to be
natural, remarkably, such a relation had not been previously found. Indeed, in order to make
progress, it has been required to extend the notion of asymptotic BMS charges to include
subleading charges [20] and new dual charges [21, 26], which have recently been derived from
first principles [27,28].
Our aim in this work is to extend the formalism developed in Refs. [20, 21] to classify the
asymptotic BMS charges within the class of polyhomogeneous spacetimes with finite shear.
This generalisation is non-trivial for two reasons: the calculational complexity increases sub-
stantially when considering polyhomogenous spacetimes and particular features of the poly-
homogeneous expansion raises interesting new questions about the nature of charges, as will
become apparent below. In particular, the nature of the characteristic value problem applied
to polyhomogeneous spacetimes means that non-trivial conserved BMS charges can be de-
fined in terms of initial data that do not evolve. This is a new feature that is specific to
polyhomogeneous spacetimes and compels us to reappraise what we mean by conserved BMS
charges.
Our main result is to establish a relation between asymptotic BMS charges and the gen-
eralised Newman-Penrose charges discovered in Ref. [18] for polyhomogenous spacetimes with
finite shear. Generalised Newman-Penrose charges exist for the full class of polyhomogeneous
spacetimes [19] and we expect this relation to also hold in the full class.
The insights gained from this study have led to a better understanding of how Newman-
Penrose charges come about and the possibility of identifying conserved charges at lower orders.
An as of yet open question is whether conserved charges could exist at lower orders in the 1/r-
expansion. We hope to tackle this interesting problem in a future work.
In Section 2, we give some prerequisite information regarding polyhomogeneous spacetimes
and the fall-off behaviour of their Weyl tensor components, the Einstein equations and the
action of the BMS group on the metric components. Also, we define the subclass of polyho-
mogenous spacetimes with finite shear. In Section 3, we classify the standard BMS charges up
to order 1/r3 and identify a subset of five conserved non-linear charges. Similarly, in Section
4, we classify the dual charges defined in Ref. [21] up to order 1/r3 and, again, discover a
subset of five conserved non-linear charges. In Section 5, we show, via a translation to the
Newman-Penrose formalism, that the set of ten conserved charges found in Sections 3 and 4
are equivalent to the generalised Newman-Penrose charges of Ref. [18].
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2 Preliminaries
A polyhomogeneous spacetime is one for which the metric components can be expanded asymp-
totically as a combination of powers of r−1 and positive powers of z ≡ log r as r → ∞. For
example, a function f admits a polyhomogeneous expansion if
f(r) = f0 +
f1(z)
r
+
f2(z)
r2
+
f3(z)
r3
+ ..., (2.1)
where each fi is itself a series expansion in positive powers of z. As in Ref. [12,19], we restrict
our attention to spacetimes where only finite powers of z appear in the series, so that fi are
polynomials in z.1 Following Ref. [19], we denote the degree of a polynomial f as #f .
Working with the Bondi definition of asymptotic flatness [1,2], we introduce Bondi coordi-
nates (u, r, xI ) with xI = {θ, φ}, such that the metric takes the form
ds2 = −Fe2βdu2 − 2e2βdudr + r2hIJ(dx
I − CIdu)(dxJ − CJdu), (2.2)
where a residual gauge freedom in defining r is fixed by imposing
det h = detω (2.3)
with ωIJ the standard metric on the round 2-sphere. This condition implies that hIJ has two
degrees of freedom.
The Bondi definition of asymptotic flatness and the condition of polyhomogeneity requires
that the metric parameters have the following large r asymptotic form2
β(u, r, xI ) =
β0(z, u, x
I)
r2
+
β1(z, u, x
I )
r3
+
β2(z, u, x
I)
r4
+ o(r−4),
F (u, r, xI ) = 1 +
F0(z, u, x
I )
r
+
F1(z, u, x
I)
r2
+
F2(z, u, x
I )
r3
+
F3(z, u, x
I)
r4
+ o(r−4),
CI(u, r, xI) =
CI0 (z, u, x
I)
r2
+
CI1 (z, u, x
I )
r3
+
CI2 (z, u, x
I )
r4
+
CI3 (z, u, x
I)
r5
+ o(r−5), (2.4)
hIJ (u, r, x
I) = ωIJ+
BIJ(z, u, x
I)
r
+
C̄IJ(z, u, x
I )
r2
+
D̄IJ(z, u, x
I )
r3
+
ĒIJ(z, u, x
I)
r4
+ o(r−4)
1Relaxing this condition would mean that the infinite series in z that would appear in these calculations
would in fact reduce to integer powers of r. Therefore, our analysis, which treats the expansions in 1/r and z
independently, would no longer be valid.
2Note the slight difference in notation in the expansion of hIJ compared to Refs. [20,21], Cf. equation (2.2)
of Ref. [20].
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where
C̄IJ = CIJ +
1
4
B2ωIJ , D̄IJ = DIJ +
1
2
BKLC
KLωIJ ,
ĒIJ = EIJ +
(
1
2
BKLD
KL +
1
4
C2 −
1
32
(B2)2
)
ωIJ (2.5)
with B2 = BIJB
IJ and C2 = CIJC
IJ . This form of the hIJ expansion is chosen so that
condition (2.3) simply translates to
TrB = TrC = TrD = TrE = 0 (2.6)
at this order, where for some tensor XIJ , TrX ≡ ω
IJXIJ . Furthermore, the 2-sphere tensors
B,C,D and E are independent and parameterise the two degrees of freedom of hIJ at each
order.
2.1 Asymptotic behaviour of Weyl scalar Ψ0
For spacetimes that are analytic in 1/r, i.e. there exist no log terms, the Weyl tensor satisfies
the so-called peeling property [3], which can be simply stated as the fact that the Weyl tensor
in the unphysical spacetime vanishes at null infinity. In Newman-Penrose language [3], this
statement is equivalent to the fact that
Ψi = O
(
1
r5−i
)
, i ∈ {0, . . . , 4}, (2.7)
where the Ψi are the Newman-Penrose Weyl scalars defined with respect to a complex null
frame (ℓa, na,ma, m̄a),
Ψ0 = ℓ
ambℓcmdCabcd, Ψ1 = ℓ
anbℓcmdCabcd, Ψ2 = ℓ
ambm̄cndCabcd,
Ψ3 = ℓ
anbm̄cndCabcd, Ψ4 = n
am̄bncm̄dCabcd. (2.8)
As we shall explain below, the peeling property no longer holds in polyhomogeneous spacetimes
[12,29]. Moreover, we shall find that the Weyl scalar Ψ0 falls off too slowly. This will lead us
to make some further assumptions on the metric expansion (2.4).
We begin by choosing a complex null frame eµ
a = (ℓa, na,ma, m̄a) with inverse Eµa,
gab = E
µ
aE
ν
b ηµν , ηµν =







0 −1
−1 0
0
0
0 1
1 0







, (2.9)
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where
ℓ =
∂
∂r
, n = e−2β
[
∂
∂u
− 12F
∂
∂r
+ CI
∂
∂xI
]
, m =
m̂I
r
∂
∂xI
,
ℓ♭ = −e2βdu, n♭ = −
(
dr +
1
2
Fdu
)
, m♭ = r m̂I (dx
I − CIdu), (2.10)
2m̂(I ¯̂mJ) = hIJ (2.11)
with hIJ the matrix inverse of hIJ . The polyhomogeneous expansion (2.4) implies that
Ψ0 ∼
1
r3
(
Bθθ −
i
sin θ
Bθφ
)
+O(r−4 logN4 r), (2.12)
where BIJ = ∂zBIJ − ∂
2
zBIJ . Compare this with the fall-off of Ψ0 in Refs. [20–22]
Ψ0 =
Ψ50
r5
+
Ψ60
r6
+
Ψ70
r7
+ o(r−7). (2.13)
In this paper, in order to make progress, we will assume that Ψ0 behaves asymptotically
as O(r−4 logN4 r). While, it is true that Newman-Penrose charges exist more generally for any
polyhomogeneous spacetime defined by the fall-offs (2.4) [19], the analysis is much simpler if
we assume that the leading order term in the shear of the null congruence defined by ℓ has no
log terms [18]. This is equivalent to the requirement that Ψ0 ∼ O(r
−4 logN4 r), or that
Bθθ −
i
sin θ
Bθφ = 0, (2.14)
which is equivalent to the condition that Bθθ = Bθφ = 0, given that BIJ is real. From the fact
that BIJ is traceless and symmetric, we deduce that BIJ is traceless and symmetric and hence
the above condition is equivalent to
BIJ = ∂zBIJ − ∂
2
zBIJ = 0. (2.15)
The fact that BIJ is a polynomial in z of finite order, implies that
∂zBIJ = 0, (2.16)
i.e. that BIJ is independent of z and contains no log terms. Henceforth, we shall assume
that this condition always holds. We shall find below that, together with this condition, the
Einstein equations imply that all leading order terms in (2.4) are independent of z.3
3At the next order, Ψ0 ∼
1
r4
(
Cθθ+
i
sin θ
Cθφ
)
+O(r−5 logN5 r) where CIJ = −2CIJ+3∂zCIJ−∂
2
zCIJ . Requiring
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2.2 Notation
For brevity, it will prove useful to use the following notation
∫ λ
X(z) ≡ eλz
∫
dz e−λzX(z), (2.17)
for λ an integer, in order to reduce the size of some of the equations. Furthermore, ∫λ will be
treated as an operator acting on the right, so we have for example
(
3
4
∫ −2
1
∫ +
0
∫ +6− ∂z
)
X(z) = 3e4z
∫
e−4zX(z)dz − 2ez
∫
e−zX(z)dz
+
∫
X(z)dz + 6X(z) −X ′(z). (2.18)
For λ 6= 0,
∫ λ
does not change the order of the polynomial in z; see Appendix A. However, ∂z
decreases the order by one and
∫ 0
increases it by one.
Moreover, angled brackets 〈 〉 on pairs of indices will be used to denote the symmetric
trace-free part; thus, for an arbitrary tensor XIJ
X〈IJ〉 ≡
1
2
(
XIJ +XJI − ω
KLXKL ωIJ
)
. (2.19)
For example,
B〈I|KC
K
|J〉 =
1
2
BIKC
K
J +
1
2
BJKC
K
I −
1
2
BKLC
KLωIJ . (2.20)
2.3 Einstein Equations
We will assume that the energy-momentum tensor satisfies the fall-off conditions4
T00 = o(r
−4), T0m = o(r
−3), T01 = o(r
−3). (2.21)
The Einstein equation then yields
G00 = o(r
−4) =⇒ β0 = −
1
32B
2, (2.22)
G0m = o(r
−3) =⇒ CI0 = −
1
2DJB
IJ , (2.23)
G01 = o(r
−3) =⇒ ∂zF0 = 0, (2.24)
that Ψ0 = o(r
−5) would imply that CIJ = 0, which recovers the fall-off conditions (2.2) in Ref. [20].
4Given some arbitrary vector Va, we denote the components in the null basis as follows
ℓaVa ≡ V0 = −V
1, naVa ≡ V1 = −V
0, maVa ≡ Vm = V
m̄,
with the obvious generalisation to tensors.
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where DI is the standard covariant derivative associated with the round-sphere metric ωIJ .
Since BIJ is independent of z, we conclude the leading order terms in (2.4) are all independent
of z.
Assuming stronger fall-off conditions for the energy momentum tensor, the Einstein equa-
tions imply the following
G00 = o(r
−5) =⇒ β1 = −
1
8
( 3
∫ +1
)
BIJC
IJ , (2.25)
G00 = o(r
−6) =⇒ β2 = −
1
8
( 4
∫ +1
)
BIJD
IJ − 18
(
2
4
∫ +1
)
C2 + 116
4
∫ ∂zCIJ∂zC
IJ
+ 1128 (B
2)2, (2.26)
G0m = o(r
−4) =⇒ CI1 = (C
0
1 )
I − 13
( 3
∫ +2
0
∫
)
DJC
IJ , (2.27)
G0m = o(r
−5) =⇒ CI2 = −
3
4B
IJ(C01 )J −
1
3
( 4
∫ +2
1
∫
)
DJD
IJ − 12
( 4
∫ −
0
∫
)
BIJDKCJK
+ 14
(
2
4
∫ −
3
∫
)
BJKD
ICJK − 14
3
∫ CJKDIBJK
+ 164B
2DJB
IJ − 116B
IJDJB
2, (2.28)
G0m = o(r
−6) =⇒ CI3 =
9
80B
2(C01 )
I + 3
5
∫(C01 )JC
IJ − 13
( 5
∫ +2
2
∫
)
DJE
IJ
− 14
4
∫ DJKDIBJK +
1
4
(
2
5
∫ −
4
∫
)
BJKD
KDIJ − 14
( 4
∫ −2
1
∫
)
BIJDKDJK
+ 12
( 5
∫ −
4
∫
)
DIC2 − 124
( 5
∫ −3
4
∫ +2
2
∫
)
DI(∂zC
JK∂zCJK)
− 16
( 5
∫ −
2
∫
)
DICJK∂zCJK +
2
3
( 5
∫ −
2
∫
)
∂zC
IJDKCJK
− 23
( 5
∫ −
2
∫
)
CIJDKCJK − 2
5
∫
(
CIJ ∫ dzDKCJK
)
+ 18
(
5
5
∫ +
3
∫
)
BIJCKLDJBKL −
1
8
(
3
5
∫ −
3
∫
)
BKLCKLDJB
IJ
+ 18
( 5
∫ +
3
∫
)
BIJBKLDJCKL −
1
240
(
7
5
∫ −40
2
∫ +18
0
∫
)
B2DJC
IJ
− 112
(
5
5
∫ −2
2
∫
)
CIJDJB
2 + 3160B
2DIB2, (2.29)
G01 = o(r
−4) =⇒ F1 = −
1
2DI(C
0
1 )
I − 13
( 3
∫ −
0
∫
)
DIDJC
IJ
+ 12DIB
IJDKBJK −
1
8DIBJKD
IBJK + 332
(
− 2
)
B2, (2.30)
G01 = o(r
−5) =⇒ F2 = −
3
4(C
0
1 )
IDJBIJ −
1
3
( 4
∫ −
1
∫
)
DIDJD
IJ
+ 14
( 4
∫ −
3
∫
)

(
BIJC
IJ
)
− 14
4
∫ CIJBIJ +
1
4
(
2
4
∫ −
3
∫
)
BIJC
IJ
− 12
( 4
∫ −
0
∫
)
DIB
IJDKCJK +
1
32B
IJBKLDKDLBIJ
+ 164B
2DIDJB
IJ − 132B
IJDIBKLDJB
KL
+ 564D
IB2DJBIJ , (2.31)
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G01 = o(r
−6) =⇒ F3 =
3
4(C
0
1 )
I(C01 )I +
3
160DI(B
2(C01 )
I) +
(
3
5
∫ −2
3
∫ −
0
∫
)
(C01 )
IDJCIJ
+ 32
(
2
5
∫ −
3
∫
)
CIJD
J(C01 )
I − 13
( 5
∫ −
2
∫
)
DIDJE
IJ + 14
(
2
5
∫ −
4
∫
)
BIJD
IJ
+ 14
5
∫ BIJD
IJ − 14
4
∫ (BIJD
IJ) + 12
1
∫ DIBJKD
IDJK
+ 12
( 5
∫ −
1
∫
)
DIBJKD
JDIK + 112
(
4
5
∫ −6
4
∫ +3
3
∫ −
2
∫
)
C2
− 124
( 5
∫ −3
4
∫ +3
3
∫ −
2
∫
)

(
∂zCIJ∂zC
IJ
)
+ 112
(
2
5
∫ −3
3
∫ +
2
∫
)(
∂zCIJC
IJ
)
− 12
(
2
5
∫ −
3
∫
)(
CIJ ∫ dzC
IJ
)
− 12
(
2
5
∫ +
4
∫ −2
3
∫
)
C2
+ 18
( 4
∫ −
3
∫
)(
∂zCIJ∂zC
IJ
)
+
(
2
5
∫ −
3
∫
)(
CIJ ∫ dzC
IJ
)
− 112
( 5
∫ −
2
∫
)
DICJKD
ICJK +
( 5
∫ −
3
∫
)
DICIJDKC
JK
− 23
(
3
5
∫ −2
3
∫
)(
DICIJ ∫ dzDKC
JK
)
+ 13
(
∫ dzDICIJ
)(
∫ dzDKC
JK
)
+ 18
(
5
5
∫ −3
3
∫
)
BIJCKLDIDJBKL −
1
96
(
40
5
∫ −33
3
∫ +8
2
∫
)
CIJDIDJB
2
− 18
(
3
5
∫ −
3
∫
)
BKLCKLDIDJB
IJ + 18
( 5
∫ −
3
∫
)
BIJBKLDIDJCKL
− 1240
(
7
5
∫ −30
3
∫ +20
2
∫ +3
0
∫
)
B2DIDJC
IJ
− 1240
(
107
5
∫ −150
3
∫ +40
2
∫ +3
0
∫
)
DIC
IJDJB
2
+ 34
( 5
∫ −
3
∫
)
BIJDIBKLDJC
KL − 14
( 5
∫ −
3
∫
)
BKLDIB
IJDJCKL
− 18
3
∫ CIJDIBKLDJB
KL + 14
( 5
∫ +
3
∫
)
CKLDIBKLDJB
IJ
− 12
3
∫ CKLDIB
IKDJB
JL
+ 5512
(
B2
)2
− 175120
(
B2
)2
+ 131024DIB
2DIB2 + 3128B
2DIBJKD
IBJK
− 132B
2DIBJKD
JBIK, (2.32)
Gmm = o(r
−3) =⇒ ∂uCIJ = 0, (2.33)
Gmm = o(r
−4) =⇒ ∂uDIJ =
1
8BIJ∂uB
2 − 14BIJF0 −
1
2D〈I(C
0
1 )J〉
− 16
(
4
3
∫ +2
0
∫ +3− 3∂z
)
CIJ +
1
6
(
2
3
∫ +
0
∫
)
CIJ −
1
8BIJDKDLB
KL
+ 132D〈IDJ〉B
2 + 12D〈I
(
BJ〉KDLB
KL
)
− 18D〈I|BKLD|J〉B
KL, (2.34)
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Gmm = o(r
−5) =⇒ ∂uEIJ =
1
2D
K
(
(C01 )〈IBJ〉K
)
+ 12
( 3
∫ −1 + ∂z
)
CIJF0
+ 12B
KLCKL∂uBIJ +BK〈ICJ〉L∂uB
KL + 12
3
∫ BIJC
KL∂uBKL
− 14
( 3
∫ +1
)
CIJ∂uB
2 + 13
(
2
4
∫ +
1
∫
)
D〈ID
KDJ〉K −
1
2
(
2− ∂z
)
DIJ
− 12
( 3
∫ +1
)
CKLDKDLBIJ +
1
2
( 3
∫ +1
)
CKLD〈IDJ〉BKL
+ 14
( 3
∫ +1
)
CIJDKDLB
KL − 16
(
3
4
∫ −2
3
∫ −
0
∫
)
BKLD〈IDJ〉CKL
+ 16
(
3
4
∫ −2
3
∫ −
0
∫
)
BIJDKDLC
KL − 16
(
3
4
∫ −
3
∫ +
0
∫
)
BKLDKDLCIJ
−
4
∫ D〈IB
KLDJ〉CKL +
1
2
(
2
3
∫ +1
)
DKB
KLDLCIJ +
4
∫ DKC
KLDLBIJ
− 13
(
3
4
∫ +2
3
∫ +
0
∫
)
DKCK〈ID
LBJ〉L +
5
32D
K
(
B2D〈IBJ〉K
)
− 18D
K
(
BK〈IDJ〉B
2
)
, (2.35)
G11 = o(r
−2) =⇒ ∂uF0 = −
1
2DIDJ∂uB
IJ + 14∂uBIJ∂uB
IJ , (2.36)
G1m = o(r
−3) =⇒ ∂u(C
0
1 )
I = 13D
IF0 +
1
6DJB
IJ − 16D
IDJDKB
JK + 18B
JK∂uD
IBJK
+ 58∂uBJKD
IBJK − 23∂uBJKD
KBIJ − 16DJB
IJ , (2.37)
where (C01 )
I has no z dependence and  = DIDI is the covariant Laplacian on the unit
2-sphere.
The above Einstein equations are the generalisations of the Einstein equations (2.15)–(2.26)
of Ref. [20]. Setting CIJ = 0 and assuming that all tensors are z-independent, so that equation
(A.4) can be used, the above equations reduce to the respective equations in Ref. [20] by taking
BIJ → CIJ .
Assuming the vacuum Einstein equations to the appropriate order, it is possible to deduce
the z order of each metric parameter in (2.4). In general,
#BIJ = 0, #CIJ ≡ NC ≥ 0, #DIJ ≡ ND, #EIJ ≡ NE ,
#β0 = 0, #β1 = NC , #β2 = max{ND, 2NC},
#CI0 = 0, #C
I
1 = NC + 1, #C
I
2 = ND, #C
I
3 = max{NE , 2NC + 1},
#F0 = 0, #F1 = NC + 1, #F2 = ND, #F3 = max{NE , 2(NC + 1)}. (2.38)
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An important assumption that we shall rely upon in what follows is
NE ≥ ND > NC ≥ 0. (2.39)
This is the case for generic initial data [19]. It is possible that in special cases, for example
if DIC
IJ = 0, the above assumption does not hold. Nevertheless, all the charges obtained in
this paper are still conserved in such cases.
2.4 BMS group
The asymptotic symmetry group of polyhomogeneous spacetimes is given by the BMS group,
as with the smooth case [12]. This group is obtained by imposing that the variation of the
metric under the generators of the asymptotic symmetry group respects the form of the metric
and the gauge choices. These conditions imply a group of the form
BMS = SL(2,C) ⋉ ST,
where ST represents the infinite affine group of supertranslations parameterised by a u and
r-independent function s(xI) and generated by diffeomorphisms of the form
ξ = s ∂u +
∫
dr
e2β
r2
hIJDJs ∂I −
r
2
(
DIξ
I − CIDIs
)
∂r. (2.40)
As in Ref. [20], we shall concentrate on the supertranslation part of the BMS algebra.
We list below the variation of some of the metric components under supertranslations that
will be useful later.
δF0 = s∂uF0 −
1
2∂uB
IJDIDJs−DJ∂uB
IJDIs, (2.41)
δ(C01 )
I = s∂u(C
0
1 )
I
+ 116∂uB
2DIs+ F0D
Is− 14B
JKDIDJDKs−
1
2B
IJDJs
+ 12D
JBIKDJDKs−
3
4D
IBJKDJDKs−
1
2DJB
JKDKD
Is
− 12D
IDJBJKD
Ks+ 12D
JDKB
IKDJs−B
IJDJs, (2.42)
δBIJ = s∂uBIJ − 2D〈IDJ〉s, (2.43)
δCIJ = s∂uCIJ , (2.44)
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δDIJ = s∂uDIJ − 2(C
0
1 )〈IDJ〉s−
1
4BIJB
KLDKDLs−
1
8B
2D〈IDJ〉s+
1
8D〈IB
2DJ〉s
+DKB
KLBL〈IDJ〉s−
(
2
3
∫ +1
)
DKCIJDKs+
4
3
(
2
3
∫ +
0
∫
)
DKCK〈IDJ〉s
−
( 3
∫ +1− 12∂z
)
CIJs, (2.45)
δEIJ = s∂uEIJ +
1
2(C
0
1 )〈IBJ〉KD
Ks− 12
(
2
4
∫ +3− ∂z
)
DIJs
+ 13
(
2
4
∫ +4
1
∫ −3
)
DKDK〈IDJ〉s−
(
2
4
∫ +1
)
D〈IDJ〉KD
Ks
+ 14
(
4
3
∫ +2− ∂z
)
BKLCIJDKDLs−
1
2
( 3
∫ +1
)(
BIJC
KLDKDLs+B
KLCKLD〈IDJ〉s
)
+
3
∫
(
CKLD〈IB
KLDJ〉s−C
KLDKBIJDLs
)
+CK〈IDJ〉B
KLDLs+DKB
KLCL〈IDJ〉s
− 12∂z
(
CIJDKB
KLDLs
)
−
( 4
∫ −
3
∫
)
BKLD〈IC
KLDJ〉s− 2
3
∫ BK〈IDJ〉C
KLDLs
+ 12B
KLDKCIJDLs+
1
3
(
3
4
∫ +2
3
∫ +
0
∫
)
DKC
KLBL〈IDJ〉s+
1
3
( 3
∫ −
0
∫
)
BIJDKC
KLDLs
+ 532D
K
(
B2BK〈IDJ〉s
)
+ 532B
2DKsD〈IBJ〉K −
1
8BK〈IDJ〉B
2DKs. (2.46)
These variations are guaranteed to preserve the form of the metric. However, we will impose
further constraints on the metric via the Einstein equations by assuming particular fall-offs
of the components of the energy-momentum tensor. If we impose a particular fall-off on one
component, we may need to impose further conditions on other components so that the desired
fall-off condition is preserved under the BMS action. The variation of a particular component
(for fixed α, β ∈ {0, 1,m, m̄}) is given by
δξTαβ = ξ
c∂cTαβ + Tcβ∂αξ
c + Tcα∂βξ
c. (2.47)
If we insist that Tαβ = o(r
−n), certain fall-off conditions must be obeyed by Tcα and Tcβ.
When assuming a particular fall-off condition, we will also assume that the relevant conditions
are satisfied for the other components. This can always be done and presents no issues in our
calculations.
3 Standard BMS charges
The asymptotic charges associated with the asymptotic BMS symmetry group is given by the
following expression [24] (see also Refs. [23, 30])
/δQξ[δg, g] =
1
8πG
∫
S
⋆H[ξ, g, δg] =
1
8πG
∫
S
dΩ r2e2βHur[ξ, g, δg], (3.1)
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where we have used the form of the background metric of interest (2.2) in the second equality.
The 2-form H is given by
H =
1
2
{
ξbg
cd∇aδgcd − ξb∇
cδgac + ξ
c∇bδgca
+
1
2
gcdδgcd∇bξa +
1
2
δgbc(∇aξ
c −∇cξa)
}
dxa ∧ dxb. (3.2)
The slash on the variational symbol δ in (3.1) signifies the fact that the variation is not, in
general, integrable.
We have all the ingredients to compute charges, namely the background metric gab given
by (2.2) and the symmetry generators given by (2.40). Plugging the above into equation (3.1)
leads to an expansion of the form [20]
δ/Qξ [δg, g] =
1
16πG
∫
S
dΩ
{
δ/I0 +
δ/I1(z)
r
+
δ/I2(z)
r2
+
δ/I3(z)
r3
+ o(r−3)
}
, (3.3)
where each δ/Ii(z) is a polynomial of finite order in z = log r. The first term δ/I0 in the expansion
above has been derived previously for smooth asymptotically-flat spacetimes [25]. Below, we
find that this result extends to polyhomogeneous spacetimes [17]. Following Ref. [20], we
extend the definition of BMS charges to subleading orders in a 1/r-expansion. Investigating
these subleading BMS charges in the context of polyhomogeneous spacetimes is indeed the main
aim of this paper. We will find that the results in the polyhomogeneous case are analogous to
those for smooth spacetimes, albeit, the expressions are rather more complicated.
3.1 BMS charge at O(r0)
At leading order, we find
δ/I0 = δ(−2sF0) +
s
2
∂uBIJδB
IJ . (3.4)
Observe that at this leading order in the variation of the BMS charges (3.3), we do not
encounter log r terms. This is a direct consequence of the finite shear condition (2.16), which
implies that all leading order terms in the expansion (2.4) are independent of z.
As in the smooth case [25], the non-integrability above is related to the existence of flux
at infinity. In particular, the charge is integrable if and only if ∂uBIJ = 0, i.e. in the absence
of Bondi news at null infinity [31]. The integrable part when integrated over the 2-sphere
corresponds to leading-order BMS charges, which generalise the Bondi-Sachs 4-momentum
corresponding to s an ℓ = 0 or 1 spherical harmonic.
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3.2 BMS charge at O(r−1)
At the next order, we obtain
/δI1 =sδ
(
− 2F1 − (1− ∂z)DIC
I
1 +
3
16( − 2)B
2 +DIB
IJDKBJK −
1
4DIBJKD
IBJK
)
+ 12s
(
∂uBIJδC
IJ + ∂uCIJδB
IJ
)
. (3.5)
If we assume the fall-off condition on the matter fields Tmm = o(r
−3), then from equations
(2.33) and (2.44), δCIJ = s∂uCIJ = 0, so the non-integrable piece vanishes for all s. Assuming
further that T01 = o(r
−4) and T0m = o(r
−4), then equations (2.27) and (2.30) imply
δI1 = 0. (3.6)
Therefore, in this case I1 = 0 and there is no non-trivial charge. If, however, the fall-off of T01
is weaker, we have non-vanishing charges given by the coefficients of the polynomial in z
Q1(z) =
∫
S
dΩ
(
− sT01
∣∣∣∣
r−4
)
, (3.7)
provided that Tmm = o(r
−3) and T0m = o(r
−4). It can be shown by considering (2.47) that it
is possible to have Tmm = o(r
−3) and T0m = o(r
−4) with T01 non-vanishing at this order. The
higher order charges depend only on CIJ . Since we have assumed ∂uCIJ = 0, such terms are
trivially conserved. Therefore, the only interesting charge will be the one corresponding to the
z0 coefficient.
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3.3 BMS charge at O(r−2)
Starting with weaker fall-off conditions T00 = o(r
−5), T0m = o(r
−4) and Tmm = o(r
−3), which
imply equations (2.25), (2.27) and (2.33), the variation of the BMS charge at the next order is
/δI2 = sδ
(
− 2F2 −
(
2− ∂z
)
DIC
I
2 − 3(C
0
1 )
IDJBIJ −
3
2D
J(C01 )
IBIJ
− 14
( 3
∫ −2
0
∫ +1
)
BIJC
IJ − 14
( 3
∫ −1
)
CIJB
IJ − 12
( 3
∫ +2
0
∫
)
BIJC
IJ
− 12
3
∫ DKBIJD
KCIJ + 2
0
∫ DIB
IJDKCJK +
1
8B
2DIDJB
IJ − 132B
IJDIDJB
2
− 18B
IJDIBKLDJB
KL + 316DIB
IJDJB
2
)
+ s
(
1
2δB
IJ∂uDIJ +
1
2∂uB
IJδDIJ −
1
16∂uB
2δB2 + 18F0δB
2 − 12D
J(C01 )
IδBIJ
− (C01 )
IDJδBIJ −
1
12
(
2
3
∫ −2
0
∫ +3∂z
)
δBIJC
IJ + 14
(
2
3
∫ +2− ∂z
)
CIJδB
IJ
− 16
(
4
3
∫ +2
0
∫ −3 + 3∂z
)
δBIJC
IJ + 23
(
2
3
∫ +
0
∫
)
DKδBIJD
KCIJ
+ 12
(
1− ∂z
)
DIδB
IJDKCJK +
1
16DIDJB
IJδB2 + 132DIDJB
2δBIJ
+ 116DIB
2DJδB
IJ + 12B
IJDKBIKD
LδBJL +
1
8δB
IJDIBKLDJB
KL
)
. (3.8)
As ever, the above separation into the integrable and non-integrable parts is not unique.
The choice above has been made in order to obtain the simplest expressions possible. This
will become most clear upon using further Einstein equations. If we further assume that
T0m = o(r
−5), T01 = o(r
−5) and Tmm = o(r
−4), which imply equations (2.28), (2.31) and
(2.34), the above expression reduces to
/δI2 = sDIDJδ
(
−DIJ + 116B
2BIJ
)
+ s
(
1
2δB
IJ∂uDIJ +
1
2∂uB
IJδDIJ −
1
16∂uB
2δB2 + 18F0δB
2 − 12D
J(C01 )
IδBIJ
− (C01 )
IDJδBIJ −
1
12
(
2
3
∫ −2
0
∫ +3∂z
)
δBIJC
IJ + 14
(
2
3
∫ +2− ∂z
)
CIJδB
IJ
− 16
(
4
3
∫ +2
0
∫ −3 + 3∂z
)
δBIJC
IJ + 23
(
2
3
∫ +
0
∫
)
DKδBIJD
KCIJ
+ 12
(
1− ∂z
)
DIδB
IJDKCJK +
1
16DIDJB
IJδB2 + 132DIDJB
2δBIJ
+ 116DIB
2DJδB
IJ + 12B
IJDKBIKD
LδBJL +
1
8δB
IJDIBKLDJB
KL
)
, (3.9)
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where for brevity, we have not directly substituted the expression for ∂uDIJ . The integrable
piece has z degree ND > NC ≥ 0. A non-trivial charge could appear as a coefficient of each z
power in the integrable piece. We first consider the highest order—the coefficient of zND . The
non-integrable piece has maximum z degree NC+1 as can be seen from (2.38). If ND > NC+1
then each coefficient of zn for n > NC + 1 in the integrable piece gives a non-trivial charge.
These are
Qℓ,m2,n = −
1
16πG
∫
S
dΩ Yℓm DIDJD
IJ
∣∣∣∣
O(zn)
for n > NC + 1, (3.10)
where Yℓm are spherical harmonics. However, inspecting equation (2.34), the Einstein equation
for ∂uDIJ , we notice that the right hand side has z degree NC + 1; hence the higher order
terms in DIJ do not evolve, i.e. they are constant in u. Therefore, the fact that the charges
defined above are conserved is unsurprising.
The highest non-trivial order to consider is O(zNC+1). We must calculate the coefficient
of zNC+1 in the non-integrable piece and see what restrictions can be imposed in order to
guarantee that this vanishes. The only terms in /δI
(non−int)
2 that have z dependence are those
containing CIJ . Using equations (2.34), (2.43) and (2.45), we obtain
/δI
(non−int)
2
∣∣
CIJ terms
= D〈IDJ〉s
(
− 16
(
4
3
∫ +2
0
∫ +3− 3∂z
)
sCIJ +
1
6
(
2
3
∫ +
0
∫
)
sCIJ
−
(
2
3
∫ +1
)
DKCIJDKs+
4
3
(
2
3
∫ +
0
∫
)
DKCIKDJs
− 12
(
2
3
∫ +2− ∂z
)
CIJs
)
. (3.11)
Using the results of Appendix A, we find that the terms of z degree NC + 1 in the expression
above are of the form
/δI
(non−int)
2 =
1
6
∫
dz D〈IDJ〉s
(
s(− 2)CIJ + 8D
KCK〈IDJ〉s
)
+O(zNC ). (3.12)
For any given s(x), we can choose a CIJ(x) to make the expression in brackets an arbitrary
symmetric traceless tensor. That is, for any traceless symmetric XIJ(x) and s(x
I), we can find
a traceless symmetric solution CIJ(x) to the second order PDE
s(− 2)CIJ + 8D
KCK〈IDJ〉s = XIJ . (3.13)
Since CIJ(z, u, x) can be freely specified on a Cauchy surface, the expression in (3.13) can be
16
made arbitrary on the surface and so (3.12) vanishes in general if and only if
D〈IDJ〉s = 0; (3.14)
thus s corresponds to an ℓ = 0 or 1 spherical harmonic (see Appendix C).
From (3.11), we observe that /δI
(non−int)
2
∣∣
CIJ terms
vanishes at all orders when s obeys
equation (3.14). Moreover, from equation (A.13) in Appendix A, we have that for (3.11) to
vanish at a given order, it must vanish at all higher orders, in particular the highest order.
This means that s must obey (3.14) for the coefficients of lower z orders to be integrable.
In conclusion, we deduce that at any order, (3.11) vanishes if and only if s is an ℓ = 0 or 1
spherical harmonic.
Assuming equation (3.14), the non-integrable part of equation (3.9) reduces to
/δI
(non−int)
2 = D
I
(
− s2(C01 )
J∂uBIJ +
1
16s
2DJB2∂uBIJ +
1
2s
2BJKDLBKL∂uBIJ
)
, (3.15)
which is a total derivative and can, therefore, be ignored. Hence, at all orders in z we obtain
the (unintegrated) charges
I2 = sDIDJ
(
−DIJ + 116B
2BIJ
)
. (3.16)
However, up to total derivatives, this is equal to
I2 = DIDJs
(
−DIJ + 116B
2BIJ
)
= D〈IDJ〉s
(
−DIJ + 116B
2BIJ
)
(3.17)
= 0, (3.18)
where in the second line we have used the fact that BIJ and DIJ are trace-free and in the third
line we have used equation (3.14). Therefore, the only non-trivial charges obtained at O(r−2)
are those given in equation (3.10).
3.4 BMS charge at O(r−3)
Starting with the previous fall-off conditions T00 = o(r
−5), T0m = o(r
−5), Tmm = o(r
−4) and
T01 = o(r
−5), which imply equations (2.25), (2.27), (2.28), (2.33) and (2.34), we find that, to
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leading orders in z,
/δI3 = sδ
(
− 2F3 + 4β2 + 2β2 −
(
3− ∂z
)
DIC
I
3 − 2
0
∫(C01 )
IDJCIJ
+ 12
1
∫ BIJDIJ +
1
2DIJB
IJ + 12DKDIJD
KBIJ + 2
1
∫ DIB
IJDKDJK
− 12
(
2
1
∫ −1
)
BIJDIJ −
1
4
0
∫ DI(B2DJCIJ)
)
+ s
(
1
2δB
IJ∂uEIJ +
1
2∂uB
IJδEIJ −
1
12
(
2
4
∫ −2
1
∫ −3 + 3∂z
)
δBIJDIJ
+ 14
(
2
4
∫ +3− ∂z
)
DIJδB
IJ + 12
(
2− ∂z
)
DKDIJD
KδBIJ + 23
(
2
4
∫ +
1
∫
)
DIδB
IJDKDJK
− 16
(
4
4
∫ +2
1
∫ −6 + 3∂z
)
DIJδB
IJ +
0
∫
[
5
6D
IδB2DJCIJ +
3
4δB
2DIDJCIJ
− 43B
IJδBI
KDJDLCK
L − 32BI
KδBIJDJDLCK
L − 2BIJDIδBJKDLC
KL
− 32δB
IJDIBJKDLC
KL − 43δBIJDKB
IKDLC
JL − 116 BIJDKδB
IKDLC
JL
− 16δB
IJDKBIJD
LCKL +
1
6B
IJDKδBIJD
LCKL
])
+O
(
zNC
)
. (3.19)
As before, it should be emphasised that the separation into integrable and non-integrable pieces
is not unique and the form above has been chosen to make the following expressions simpler.
Imposing a stronger fall-off of the energy-momentum tensor, T00 = o(r
−6), T01 = o(r
−6),
T0m = o(r
−6) and Tmm = o(r
−5) implies equations (2.26), (2.32), (2.29) and (2.35). Substitut-
ing these equations into the expressions above, in the integrable piece, terms will appear that
depend only on CIJ . We drop such terms, since δCIJ = 0 and one can add any arbitrary term
depending only on CIJ to the conserved charges. After applying some Schouten identities (See
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Appendix B), up to total derivatives
/δI3 = sδ
(
−DIDJE
IJ +O(zNC )
)
+ s
(
1
2δB
IJ∂uEIJ +
1
2∂uB
IJδEIJ −
1
12
(
2
4
∫ −2
1
∫ −3 + 3∂z
)
δBIJDIJ
+ 14
(
2
4
∫ +3− ∂z
)
DIJδB
IJ + 12
(
2− ∂z
)
DKDIJD
KδBIJ + 23
(
2
4
∫ +
1
∫
)
DIδB
IJDKDJK
− 16
(
4
4
∫ +2
1
∫ −6 + 3∂z
)
DIJδB
IJ +
0
∫
[
5
6D
IδB2DJCIJ +
3
4δB
2DIDJCIJ
− 43B
IJδBI
KDJDLCK
L − 32BI
KδBIJDJDLCK
L − 2BIJDIδBJKDLC
KL
− 32δB
IJDIBJKDLC
KL − 43δBIJDKB
IKDLC
JL − 116 BIJDKδB
IKDLC
JL
− 16δB
IJDKBIJD
LCKL +
1
6B
IJDKδBIJD
LCKL
]
+O
(
zNC
))
, (3.20)
where for brevity, we have not yet substituted in the expression for ∂uEIJ . The integrable
piece has z degree NE where NE ≥ ND > NC . Using the appropriate Einstein equations and
the metric variations shows that the non-integrable piece has z degree ND. If NE > ND, terms
O(zND+1) or higher are integrable and we have charges
Qℓ,m3,n = −
1
16πG
∫
S
dΩ Yℓm DIDJE
IJ
∣∣∣∣
O(zn)
for n > ND. (3.21)
As with charges (3.10) derived in Section 3.3, the existence of such conserved charges is un-
surprising, since we observe from Einstein equation (2.35) that terms of this degree in EIJ are
constant in u. The highest order at which the existence of a charge is not immediately obvious
is at O(zND). After applying the metric variations to (3.20) and tidying up the resulting ex-
pression using Schouten identities (see Appendix B), we find all ∂u terms at this order result
in a total derivative and can hence be ignored. Recalling that NC < ND, it is possible that
NC + 1 = ND so the remaining terms in /δI
(non−int)
3 that can contribute to this order arise
from CIJ and DIJ terms. We have
/δI
(non−int)
3 =
(
/δI
(non−int)
3
∣∣
D terms
+ /δI
(non−int)
3
∣∣
BC terms
)
+O(zNC ), (3.22)
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where
/δI
(non−int)
3
∣∣
D terms
= s
(
− 12
( 1
∫ +1− ∂z
)
DIJDIDJs+
1
2
(
4
4
∫ +2
1
∫ −2 + ∂z
)
DIJDIDJs
− 12
(
2
4
∫ +3− ∂z
)
DIJDIDJs−
(
2− ∂z
)
DKDIJDKDIDJs
− 23
(
2
4
∫ +
1
∫
)
DID
IJDJs−
4
3
(
2
4
∫ +
1
∫
)
DID
IJDJs
)
(3.23)
and
/δI
(non−int)
3
∣∣
BC terms
=
1
3
∫
dz
(
BIJDLC
KLDKDIDJs−
1
2B
IJDKCI
KDJs
−BIJDKCI
KDJs
)
+O(zNC ). (3.24)
There is no Einstein equation relating DIJ and CIJ , so the contributions from the two terms
above, namely /δI
(non−int)
3
∣∣
D terms
and /δI
(non−int)
3
∣∣
BC terms
need to vanish independently in
(3.20) in order for the charge to be integrable in general. We focus on /δI
(non−int)
3
∣∣
D terms
to
begin with. The O(zND) coefficients can be calculated using (A.2) in Appendix A. We find
that
/δI
(non−int)
3
∣∣
D terms
= s
(
− 52D
IJDIDJs−
5
4D
IJ
DIDJs− 2D
KDIJDKDIDJs
+DID
IJDJs+ 2DID
IJDJs
)∣∣∣∣
O(zND )
+O(zND−1). (3.25)
Now, in order to simplify this expression, we add to it an additional term
5s(DIJDIDJs+
1
4D
IJDIDJs−
1
4D
IJ
DIDJs), (3.26)
which vanishes upon use of the the Ricci identity and the fact DIJ is traceless; thus we have
not changed the non-integrable piece (3.25), which becomes
/δI
(non−int)
3
∣∣
D terms
= s
(
− 52D
IJ
DIDJs+
5
4D
IJDIDJs+
5
2D
IJDIDJs
− 2DKDIJDKDIDJs+DID
IJDJs+ 2DID
IJDJs
)∣∣∣∣
O(zND )
+O(zND−1). (3.27)
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Up to total derivatives, the first line in (3.27) can be written as
5
2sD
KDIJDKDIDJs+
5
2D
IJDKsDKDIDJs−
5
4sDID
IJDJs−
5
4D
IJDIsDJs
− 52sDID
IJDJs−
5
2D
IJDIsDJs, (3.28)
so that
/δI
(non−int)
3
∣∣
D terms
=
(
1
2sD
KDIJDKDIDJs+
5
2D
IJDKsDKDIDJs
− 14sDID
IJDJs−
5
4D
IJDIsDJs
− 12sDID
IJDJs−
5
2D
IJDIsDJs
)∣∣∣∣
O(zND )
+O(zND−1)
= 14
(
sDKDIJ + 5DIJDKs
)(
2DKDIDJs− ωKIDJs− 2ωIKDJs
)∣∣∣∣
O(zND )
+O(zND−1).
(3.29)
The factor
(
sDKDIJ + 5DIJDKs
)
is an arbitrary tensor that is symmetric and trace-free on
its I, J indices. Thus, for the O(zND ) term to vanish for general DIJ , it is necessary that the
projection onto the traceless, symmetric part of the other factor vanishes, i.e.
2DKD〈IDJ〉s− ωK〈IDJ〉s− 2ωK〈IDJ〉s = 0. (3.30)
In Appendix C, we show that the above equation (3.30) is satisfied if and only if s is a super-
position of ℓ = 0, 1 and 2 spherical harmonics. As with /δI2 , there is little point considering
ℓ = 0 and 1 modes since their contribution to the integrable piece is trivially zero; hence we
now consider exclusively the case in which s is an ℓ = 2 spherical harmonic, which means in
particular that
(+ 6)s = 0. (3.31)
Combining (3.31) with (3.30), we have
DKD〈IDJ〉s−
1
3ωK〈IDJ〉s = 0 and DKD〈IDJ〉s+ 2ωK〈IDJ〉s = 0. (3.32)
Next, we consider the terms in /δI
(non−int)
3
∣∣
BC terms
. Reorganising these terms, equation
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(3.24) becomes
/δI
(non−int)
3
∣∣
BC terms
=
1
3
∫
dz
{
BIJDLC
KL
(
DKDIDJ −
1
3ωKIDJs
)
− 16B
IJDKCI
KDJ(+ 6)s
}
+O(zNC ). (3.33)
Given that BIJ is trace-free and symmetric, we can use equations (3.32) and (3.31) to conclude
that
/δI
(non−int)
3
∣∣
BC terms
= 0. (3.34)
Therefore, even in the extreme case ND = NC +1, the O(z
ND) term still vanishes for an ℓ = 2
spherical harmonic. The fact that the non-integrable charges vanish at z degree NC +1 means
that we have 5 conserved charges
Qm = −
1
16πG
∫
S
dΩ Y2m DIDJE
IJ
∣∣∣∣
O(zND )
for m = 0,±1,±2. (3.35)
We shall show below in Section 5 that these charges correspond to half of the set of Newman-
Penrose charges that exist in such polyhomogeneous spacetimes [18].
We now consider the non-integrable piece at lower orders. Using the result in (A.13), for the
non-integrable piece to vanish at lower orders for general DIJ , it is necessary that it vanishes
at the highest order for general DIJ and so s must be an ℓ = 2 spherical harmonic. In this
case, applying equation (A.8) to the expression in (3.23), the contribution from DIJ terms at
O(zND−1) is
/δI
(non−int)
3
∣∣
D terms
= ND s
(
DIJDIDJs−
5
8D
IJDIDJs+
9
16D
IJ
DIDJs
+DKDIJDKDIDJs+
3
4DID
IJDJs+
3
2DID
IJDJs
)∣∣∣∣
O(zND−1)
+O(zND−2). (3.36)
Up to total derivatives, this becomes
/δI
(non−int)
3
∣∣
D terms
= NDD
IJ
(
9
16sDIDJs−
3
4sDIDJs+D
KsDKDIDJs−
3
4DIsDJs
+sDIDJs−
17
8 sDIDJs−
3
2DIsDJs
)∣∣∣∣
O(zND−1)
+O(zND−2). (3.37)
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Then using equations (3.31) and (3.32), this reduces to
/δI
(non−int)
3
∣∣
D terms
= NDD
IJ
(
− 194 sDIDJs+DIsDJs
)∣∣∣∣
O(zND−1)
+O(zND−2), (3.38)
which for general DIJ and s an ℓ = 2 spherical harmonic is not zero. Any further restriction on
s will make the integrable piece vanish. There is no need to check /δI
(non−int)
3
∣∣
BC terms
at this
order since there is no equation linking DIJ to CIJ and BIJ that could result in a cancellation
in the non-integrable piece. We deduce that /δI
(non−int)
3
∣∣
D terms
is non-vanishing at this order
and hence there are no charges at this order, nor subsequent orders as implied by (A.13).
In summary, the complete set of conserved charges obtained at O(r−3) are given by (3.21)
and (3.35).
4 Dual BMS charges
We now turn to the tower of dual charges defined in Ref. [21], given by the expression
/δQ̃ξ[δg, g] =
1
8πG
∫
S
H̃[ξ, g, δg] =
1
8πG
∫
S
dΩ
H̃θφ[ξ, g, δg]
sin θ
, (4.1)
where we have used the form of the background metric of interest (2.2) in the second equality
with the 2-form H̃ given by
H̃ =
1
4
δgbc(∇aξ
c +∇cξa) dx
a ∧ dxb. (4.2)
The dual BMS charges can be derived from first principles from the Palatini-Holst action
[27,28]. We will consider a 1/r-expansion of the variation of the dual BMS charge
δ/Q̃ξ [δg, g] =
1
16πG
∫
S
dΩ
{
δ/Ĩ0 +
δ/Ĩ1(z)
r
+
δ/Ĩ2(z)
r2
+
δ/Ĩ3(z)
r3
+ o(r−3)
}
. (4.3)
The calculations will be analogous to those in Section 3 with similar results being obtained, as
with the smooth case [21].
Following Ref. [26], it will be useful to define the twist of a symmetric tensor XIJ
X̃IJ = XK
(IǫJ)K , ǫIJ =

 0 1
−1 0

 sin θ. (4.4)
Note, if XIJ is trace-free, we can drop the symmetrisation in the definition (4.4). Additionally,
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it is helpful to note if X and Y are both symmetric trace-free tensors, then
XIK Ỹ
JK = −X̃IKY
JK . (4.5)
Furthermore, if either one of the symmetric tensors X or Y is trace-free, then
XIJ Ỹ
IJ = −X̃IJY
IJ . (4.6)
With the above definitions in mind, equation (4.1) can be written as
/δQ̃ξ[δg, g] =
1
16πG
∫
S
dΩ ǫIJH̃IJ [ξ, g, δg]. (4.7)
We now proceed as before to substitute the metric expansions (2.4) and the expression for ξ
given in equation (2.40).
4.1 Dual charge at O(r0)
At leading order, we find
/δĨ0 = δ(−sDIDJ B̃
IJ) + 12s∂uBIJδB̃
IJ . (4.8)
As with (3.4), we have an integrable piece that is in general non-zero and a non-integrable
piece that vanishes if and only if ∂uBIJ = 0, i.e. in the absence of Bondi news. In this case,
we have an infinite set of conserved charges
Q̃ℓ,m0 = −
1
16πG
∫
S
dΩ Yℓm DIDJ B̃
IJ , (4.9)
which are to be viewed as the generalisation of the NUT charge [26]; see also Ref. [32].
4.2 Dual charge at O(r−1)
At the next order, we find
/δĨ1 = δ(−sDIDJ C̃
IJ) + 12s(∂uCIJδB̃
IJ − δCIJ∂uB̃
IJ). (4.10)
If we assume Tmm = o(r
−3), which implies equation (2.33), then using equation (2.44), we get
/δĨ1 = 0 so
Ĩ1 = 0. (4.11)
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This is analogous to the O(r−1) term in Section 3.2, where we found that the charge is zero if
strong enough fall-off conditions on the energy-momentum tensor are assumed.
4.3 Dual charge at O(r−2)
At the next order, we find
/δĨ2 =sDIDJδ
(
− D̃IJ + 116B
2B̃IJ
)
+ s
(
1
2(∂uDIJδB̃
IJ − δDIJ∂uB̃
IJ)− 116BIJ(∂uB
2δB̃IJ − δB2∂uB̃
IJ)
+ 12∂uCIJδC̃
IJ +DI(C1JδB̃
IJ )− 12
( 3
∫ +1
)
CIJδB̃
IJ + 14∂z
(
(CIJδB̃
IJ)
)
+
3
∫ CIJδB̃
IJ − 12DKCIJD
KδB̃IJ −
3
∫ DKCJKDIδB̃
IJ − 116DI(DJB
2δB̃IJ)
− 12DI(BJKDLB
KLδB̃IJ)
)
. (4.12)
The integrable piece has z degree ND, whereas from (2.38) we deduce that the non-integrable
piece has z degree at most NC + 1 ≤ ND. In the case ND > NC + 1, we have charges
Q̃ℓ,m2,n = −
1
16πG
∫
S
dΩ Yℓm DIDJD̃
IJ
∣∣∣∣
O(zn)
for n > NC + 1. (4.13)
This is analogous to the result in Section 3.3, where we found a set of charges (3.10). As with
those charges, the existence of these conserved charges is unsurprising when we consider the
Einstein equation (2.34). Thus, as in Section 3.3, the highest non-trivial order is O(zNC+1),
which we consider next. All terms with z dependence arise from the presence of CIJ , so we
start by considering such terms. Assume that T0m = o(r
−4), which implies equation (2.27).
Rewriting
s(∂uDIJδB̃
IJ − δDIJ∂uB̃
IJ) = −(δDIJ − s∂uDIJ)δB̃
IJ + δDIJ (δB̃
IJ − s∂uB̃
IJ) (4.14)
and assuming Tmm = o(r
−4), i.e. equation (2.34), and (2.45) in the first term in (4.14) and
(2.43) in the second term, we get
/δĨ2
(non−int)∣∣
C terms
= D〈IDJ〉s δD̃IJ
∣∣
C terms
=
1
6
∫
dzD〈IDJ〉s
(
s(− 2)C̃IJ + 8D
KC̃K〈IDJ〉s
)
+O(zNC ), (4.15)
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where we have used equations (2.34) and (2.45). This is the same expression as was obtained
in (3.12), except that the tensor field CIJ has been twisted. Since C̃
IJ is also an arbitrary
symmetric, traceless tensor, we again deduce that the highest order term in /δĨ2
(non−int)
is zero
if and only if D〈IDJ〉s = 0, i.e. if s is an ℓ = 0 or 1 spherical harmonic. Assuming this to
be the case, as we can see from equation (4.15), this implies that the CIJ terms vanish at all
orders in z. Furthermore, D〈IDJ〉s = 0 implies that (2.43) reduces to δBIJ = s∂uBIJ . Thus,
the non-integrable term in equation (4.12) reduces to
/δĨ2
(non−int)
=DI
(
s2(C01 )
J∂uB̃IJ −
1
2s
2BJKDLBKL∂uB̃IJ −
1
16s
2DJB2∂uB̃IJ
)
+ 116sD
〈IDJ〉s
(
B2∂uB̃IJ + 2B
KL∂uB̃KLBIJ
)
, (4.16)
where the first line is a total derivative and so can be ignored and the second line vanishes
through our choice of s. As was the case in Section 3.3, the highest order term in the non-
integrable piece vanishes if and only if the non-integrable piece vanishes at all orders, with the
reverse argument following from (A.13) in Appendix A.
With s an ℓ = 0 or 1 spherical harmonic, up to total derivatives, the integrable piece
becomes
δĨ2 = DIDJs δ
(
− D̃IJ + 116B
2B̃IJ
)
= D〈IDJ〉s δ
(
− D̃IJ + 116B
2B̃IJ
)
= 0. (4.17)
So as before, there is no non-trivial charge at this order.
4.4 Dual charge at O(r−3)
At the next order, we find that
/δĨ3 = −sDIDJδẼ
IJ
+ s
(
1
2(∂uEIJδB̃
IJ − δEIJ∂uB̃
IJ) + 14DI(3C
K
1 BJKδB̃
IJ −CK1 B
IJδB̃JK)
+DI(C2JδB̃
IJ)− 14
(
1− ∂z
)
δB̃IJDIJ −
1
4
(
2
4
∫ +3− ∂z
)
DIJδB̃
IJ +
4
∫ δB̃IJDIJ
− 12
(
2− ∂z
)
DKDIJD
KδB̃IJ −
4
∫ DKD
JKDIδB̃IJ
)
+O(zNC ), (4.18)
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where we have used equations (2.33) and (2.44) to drop all terms involving only CIJ . The
integrable piece has z degree NE , whereas (2.38) implies that the non-integrable piece has z
degree at most ND ≤ NE. We therefore have a set of conserved charges
Q̃ℓ,m3,n = −
1
16πG
∫
S
dΩ Yℓm DIDJ Ẽ
IJ
∣∣∣∣
O(zn)
for n > ND. (4.19)
Once again, this is unsurprising, when we consider the form of Einstein equation (2.35).
Next, we consider the highest order term in /δĨ3
(non−int)
and see if it is possible to make
this zero in general for a particular choice of s(xI). The highest order term is O(zND), but in
the extreme case where ND = NC + 1, it is essential that O(z
NC+1) terms also vanish. We
further assume T0m = o(r
−5) and Tmm = o(r
−5). Rewriting
s(∂uEIJδB̃
IJ − δEIJ∂uB̃
IJ) = −(δEIJ − s∂uEIJ)δB̃
IJ + δEIJ (δB̃
IJ − s∂uB̃
IJ) (4.20)
in (4.18) and using equations (2.35) and (2.46) in the first set of terms and (2.43) on the second
set of terms, as well as equations (2.27) and (2.28) gives
/δĨ3
(non−int)
= DIDJs δẼIJ +O(z
NC )
= DIDJs
(
X̃〈IJ〉
∣∣
O(zND )
+ Ỹ〈IJ〉
∣∣
O(zNC+1)
)
+O(zNC )
= D〈IDJ〉s
(
X̃〈IJ〉
∣∣
O(zND )
+ Ỹ〈IJ〉
∣∣
O(zNC+1)
)
+O(zNC ), (4.21)
where
XIJ =
1
3
(
2
4
∫ +
1
∫
)
sDID
KDJK −
1
2
(
2− ∂z
)
sDIJ −
1
2
(
2
4
∫ +3− ∂z
)
DIJs
+ 13
(
2
4
∫ +4
1
∫ −3
)
DKDIKDJs−
(
2
4
∫ +1
)
DIDJKD
Ks (4.22)
and
YIJ =
1
6
∫
dz
(
sBKLDIDJCKL − sBIJDKDLC
KL − sBKLDKDLCIJ
− 2sDKBJKD
LCLI + 2BJKDLC
KLDIs− 2BIJDLC
KLDKs
)
. (4.23)
Note that only the symmetric traceless part of X̃IJ and ỸIJ , and therefore XIJ and YIJ , need
be considered.
The contributions from the XIJ terms and YIJ terms need to vanish independently in
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(4.21), as there is no Einstein equation that relates DIJ and CIJ . First, we focus on XIJ .
Use of the Ricci identity and the Schouten identity (B.4) allows us to rewrite XIJ (up to the
symmetric, trace-free part) as
XIJ =
1
3
(
2
4
∫ +
1
∫
)
sDKDIDJK −
(
2
4
∫ +1
)
DIDJKD
Ks−
(
2
4
∫ +3− ∂z
)
DJKD
KDIs
+ 13
(
2
4
∫ +4
1
∫ −3
)
DKDJKDIs−
1
6
(
8
4
∫ +4
1
∫ +6− 3∂z
)
sDIJ . (4.24)
Then using equation (A.2), we find that the highest order term is
XIJ
∣∣
O(zND )
=
(
− 12sD
KDIDJK −
1
2DIDJKD
Ks− 52DJKD
KDIs−
5
2D
KDJKDIs
)∣∣
O(zND )
= DK
(
− 12sDIDJK −
5
2DJKDIs
)∣∣
O(zND )
. (4.25)
So in (4.21), the contribution from XIJ is
/δĨ3
(non−int)∣∣
D terms
= −12D
〈IDJ〉sDK
(
sDID̃JK + 5D̃JKDIs
)∣∣
O(zND )
+O(zND−1)
= 12D
KD〈IDJ〉s
(
sDID̃JK + 5D̃JKDIs
)∣∣
O(zND )
+O(zND−1), (4.26)
up to total derivatives. The expression sDID̃JK + 5D̃JKDIs is an arbitrary tensor that is
symmetric and trace-free on its J,K indices. The contribution to /δĨ3
(non−int)
from DIJ terms
therefore vanishes if and only if the projection of DKD〈IDJ〉s onto the symmetric trace-free
part in the JK indices is zero. It is shown in section 5.4 of Ref. [21] that this condition
is satisfied if and only if s is an ℓ = 0, 1 or 2 spherical harmonic. As in Section 3.4, the
contribution of the ℓ = 0, 1 modes vanishes in the integrable piece and so can be ignored.
Henceforth, we assume that s is an ℓ = 2 spherical harmonic satisfying equations (3.31) and
(3.32).
Turning our attention to the YIJ contributions in (4.21), the expression in (4.23) can be
rewritten as
YIJ = −
1
3
∫
dzDK(sBJKD
LCIL)
+
1
6
s
∫
dz
(
BKLDIDJCKL −BIJDKDLC
KL −BKLDKDLCIJ + 2BJKD
KDLCIL
)
+
1
3
∫
dz
(
BJKDLC
KLDIs−BIJDLC
KLDKs+BJKD
LCILD
Ks
)
. (4.27)
Since BIJ and CIJ are symmetric and traceless, using Schouten identities (B.5) and (B.6), the
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second and third lines have zero trace-free symmetric parts and hence can be ignored. The
contribution of the YIJ terms to /δĨ3
(non−int)
is therefore simply
/δĨ3
(non−int)
∣∣∣∣
C terms
= −
1
3
D〈IDJ〉s
∫
dz DK(sBJK∇
LCIL)
∣∣
O(zNC+1)
+O(zNC )
=
1
3
sDKD〈IDJ〉s
∫
dz BJK∇
LCIL
∣∣
O(zNC+1)
+O(zNC ), (4.28)
up to total derivatives. Since BJK is symmetric and traceless, D
KD〈IDJ〉s is projected onto
the symmetric trace-free part on its JK indices, which vanishes given that s is an ℓ = 2
spherical harmonic. We conclude that for s an ℓ = 2 spherical harmonic, the O(zND) terms in
/δĨ3
(non−int)
vanish even in the extreme case NC + 1 = ND.
In summary, we have a set of conserved non-trivial charges
Q̃m = −
1
16πG
∫
S
dΩ Y2m DIDJ Ẽ
IJ
∣∣∣∣
O(zND )
for m = 0,±1,±2. (4.29)
We now turn our attention to the lower order terms. Again, from (A.13), if /δĨ3
(non−int)
cannot be made to vanish at a particular order, then it cannot vanish at any lower orders when
the tensor fields being considered are arbitrary. We will consider O(zND−1) and show that
the DIJ terms cannot be made to vanish at this order, confirming that there are no further
charges at lower orders. Using (A.8), we find that there are two independent contributions
at O(zND−1) that must vanish independently. The first has the same form as the highest
order DIJ terms so vanishes if and only if s is an ℓ = 2 spherical harmonic. Using (A.2), the
remaining contribution from the second term is
/δĨ3
(non−int)
∣∣∣∣
D terms
= NDD
〈IDJ〉s
(
− 38sD
KDID̃JK +
1
8DID̃JKD
Ks+ 54sD̃IJ
+ 98D̃IKDJD
Ks− 118 D
KD̃IKDJs
)∣∣
O(zND−1)
. (4.30)
Reorganising the terms above gives
/δĨ3
(non−int)∣∣
D terms
= NDD
〈IDJ〉s
(
1
8
(
sDKDID̃JK +DID̃JKD
Ks
)
− 12sD
KDID̃JK
+ 54sD̃IJ −
11
8
(
D̃IKDJD
Ks+DKD̃IKDJs
)
+ 52D̃IKDJD
Ks
)∣∣
O(zND−1)
= NDD
〈IDJ〉
(
− 12sD
KDID̃JK +
5
4sD̃IJ +
5
2D̃IKDJD
Ks
)∣∣
O(zND−1)
, (4.31)
where, we have integrated by parts and used the fact that s is an ℓ = 2 spherical harmonic.
Applying Schouten identities, integrating by parts and applying the equations for an ℓ = 2
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spherical harmonic, we obtain
/δĨ3
(non−int)∣∣
D terms
= ND D̃
IJ
(
− 194 sDIDJs+DIsDJs
)∣∣
O(zND−1)
+O(zND−2). (4.32)
The obstruction that prevents an integrable charge existing at this order is exactly the twist
of the obstruction in /δI
(non−int)
3
∣∣
D terms
in (3.38).
In conclusion, the set of conserved charges that can be found by considering /δĨ3 are given
by (4.19) and (4.29).
5 Relating charges to the Newman Penrose Formalism
In this section, we relate the charges obtained here to quantities in the Newman-Penrose
formalism [3, 18, 22]. At O(r−3), we will see that the BMS charge and dual charge together
form a generalisation of the Newman-Penrose charges for polyhomogeneous spacetimes with
finite shear.
The Newman-Penrose formalism begins with a complex null frame {ℓ, n,m, m̄}, which we
choose to be that given in (2.10). Newman-Penrose scalars are then constructed by contracting
tensors into null frame components. One such set of complex scalars are the Weyl scalars,
given in equation (2.8), which parameterise the ten degrees of freedom of the Weyl tensor. We
reproduce these definitions here for convenience
Ψ0 = ℓ
ambℓcmdCabcd, Ψ1 = ℓ
anbℓcmdCabcd, Ψ2 = ℓ
ambm̄cndCabcd,
Ψ3 = ℓ
anbm̄cndCabcd, Ψ4 = n
am̄bncm̄dCabcd. (5.1)
The Riemann tensor is constructed from the Weyl tensor and the Ricci tensor and the ten
degrees of freedom of the Ricci tensor, which is constrained by the Einstein equation, are given
by three complex and 4 real scalars. The relevant quantities here are
Λ = − 124R, Φ11 = −
1
4ℓ
anbRab −
1
4m
am̄bRab, (5.2)
both of which are real. Similarly, the connection coefficients may be written in terms of twelve
complex scalars. For our purposes, we will only be interested in one such spin coefficient that
parameterises the shear of the null congruence generated by the vector field ℓ,
σ = −mamb∇bℓa. (5.3)
All such quantities can be calculated from the metric (2.2), (2.4). We assume that the
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energy-momentum tensor falls off as T00 = o(r
−5), T0m = o(r
−4) and T01 = o(r
−3). Then one
can show that the Weyl scalars fall-off as [19]
Ψ0 = Ψ
4
0[NC ] r
−4 +Ψ50[ND] r
−5 +Ψ60[NE ] r
−6 +O(r−7 logN1 r),
Ψ1 = Ψ
4
1[NC + 1] r
−4 +O(r−5 logN2 r),
Ψ2 = Ψ
3
2[0] r
−3 +Ψ42[NC + 1]r
−4 +O(r−5 logN3 r),
Ψ3 = O(r
−2), Ψ4 = O(r
−1), (5.4)
where the quantities in square brackets in each expression refer to the z degree of each poly-
nomial. The exact values of N1, N2 and N3 are not important for what we are concerned with.
The leading order shear term is independent of z
σ = σ0[0]
1
r2
, (5.5)
which follows from condition (2.16). Furthermore,5
Λ = Λ4[N4] r
−4 +O(r−5 logN5 r), Φ11 = Φ
4
11 [N4 + 1] +O(r
−5 logN6 r), (5.6)
where the exact values of N5 and N6 are unimportant.
Finally, we define the differential operators ð and ð̄, which act on a scalar η of spin n as
follows [3, 33]
ðη = − (1+i)2 sin
n θ
(
∂θ −
1
sin θ∂φ
)( η
sinn θ
)
, ð̄η = − (1−i)2
1
sinn θ
(
∂θ +
1
sin θ∂φ
)(
sinn θ η
)
. (5.7)
A Weyl scalar Ψn has spin 2− n, while the shear σ has spin 2. Complex conjugation changes
the sign of the spin.
5.1 Charges at O(r0)
At leading order, we obtained the BMS charges and the dual charges in Sections 3.1 and 4.1,
Q
(int)
0 =
1
16πG
∫
S
dΩ
(
− 2sF0
)
, Q̃
(int)
0 =
1
16πG
∫
S
dΩ
(
− sDIDJ B̃
IJ
)
. (5.8)
Recall that the leading order charges are integrable if and only if ∂uBIJ = 0. We define a
complex quantity
Q0 = Q
(int)
0 − iQ̃
(int)
0 . (5.9)
5If one assumes T01 = o(r
−4), then N4 = NC + 1.
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In terms of Newman-Penrose quantities,
Q0 = −
1
4πG
∫
S
dΩ s
(
Ψ32 + σ
0∂uσ̄
0
)
, (5.10)
which is conserved if and only if ∂uσ
0 = 0. This condition is equivalent to ∂uBIJ = 0; the
integrability condition encountered in Sections 3.1 and 4.1.
5.2 Charges at O(r−1)
In sections 3.2 and 4.2, assuming that Tmm = o(r
−3) and T0m = o(r
−4), we obtained the
following set of integrable charges at the next order6
Q
(int)
1 (z) =
1
16πG
∫
S
dΩ s
(
− 2F1 − (1− ∂z)DIC
I
1 +
3
16(− 2)B
2
+DIB
IJDKBJK −
1
4DIBJKD
IBJK
)
, (5.11)
Q̃
(int)
1 (z) =
1
16πG
∫
S
dΩ
(
− sDIDJ C̃
IJ
)
. (5.12)
Note that the coefficient of each power of z is an independent charge. Letting
Q1 = Q
(int)
1 − iQ̃
(int)
1 , (5.13)
it can be shown that
Q1 =
1
4πG
∫
S
dΩ s
(( 2
∫ −
1
∫
)
ð̄2Ψ40 −
1
∫
(
Φ411 + 3Λ4
))
. (5.14)
The first term is trivially conserved since Tmm = o(r
−3) implies ∂uΨ
4
0 = 0. Assuming T01 =
o(r−4) makes the second term zero. The second term is real and gives the non-trivial conserved
charges (3.7) in Section 3.2 when the fall-off of the energy-momentum tensor is not too strong.
5.3 Charges at O(r−2)
At the next order, in Sections 3.3 and 4.3, we obtained the charges
Q
(int)
2 (z) =
1
16πG
∫
S
dΩ sDIDJ
(
−DIJ + 116B
2BIJ
)
, (5.15)
Q̃
(int)
2 (z) =
1
16πG
∫
S
dΩ sDIDJ
(
− D̃IJ + 116B
2B̃IJ
)
(5.16)
6The dual charge here is trivially conserved and vanished in Section 4.3 by virtue of the fact that δCIJ = 0.
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and showed that the associated non-integrable terms vanished for s an ℓ = 0, 1 spherical
harmonic. It can be shown that
ð̄2Ψ50 = DIDJ
(
− 14
(
∂2z − 5∂z + 6
)(
DIJ − iD̃IJ
)
+ 332B
2(BIJ − iB̃IJ
))
(5.17)
and
[
−14(∂
2
z − 5 ∂z + 6)
]−1
= −4(
3
∫ −
2
∫) (5.18)
as an operator equation. Thus,
−4
( 3
∫ −
2
∫
)
ð̄2Ψ50 = DIDJ
((
DIJ − iD̃IJ
)
− 116B
2(BIJ − iB̃IJ
))
, (5.19)
where we have used equation (2.16), i.e. that BIJ is z-independent. Defining
Q2(z) = Q
(int)
2 (z) − iQ̃
(int)
2 (z), (5.20)
it can be shown that the charges obtained in Sections 3.3 and 4.3 at O(zNC+1) and lower can
be written in terms of Newman-Penrose quantities as
Q2(z) =
1
4πG
∫
S
dΩ s
( 3
∫ −
2
∫
)
ð̄2Ψ50, (5.21)
where each coefficient of a z power in Q2(z) is an independent conserved charge. Integrating
by parts, the differential operators can be moved onto s confirming that this is zero for s an
ℓ = 0, 1 spherical harmonic, since ð̄2Yℓm = 0 for ℓ = 0, 1.
5.4 Charges at O(r−3)
Finally, and most interestingly, in Sections 3.4 and 4.4, we obtained the charges
Q
(int)
3 =
1
16πG
∫
S
dΩ s
(
−DIDJE
IJ
)∣∣
O(zND )
, (5.22)
Q̃
(int)
3 =
1
16πG
∫
S
dΩ s
(
−DIDJ Ẽ
IJ
)∣∣
O(zND )
, (5.23)
and showed that the associated non-integrable pieces vanished for s an ℓ = 0, 1 or 2 spherical
harmonic. It can be shown that
ð̄2Ψ60 = −
1
4
(
∂2z − 7∂z + 12
)
DIDJ
(
EIJ − iẼIJ
)
+O(zNC ) (5.24)
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and
[
−14(∂
2
z − 7 ∂z + 12)
]−1
= −4(
4
∫ −
3
∫) (5.25)
as an operator equation. Thus,
−4
( 4
∫ −
3
∫
)
ð̄2Ψ60 = DIDJ
(
EIJ − iẼIJ
)
+O(zNC ). (5.26)
Defining
Q3 = Q
(int)
3 − iQ̃
(int)
3 , (5.27)
it can be shown that the charges obtained in Sections 3.4 and 4.4 can be written in terms of
Newman-Penrose quantities as
Q3 =
1
4πG
∫
S
dΩ s
( 4
∫ −
3
∫
)
ð̄2Ψ60
∣∣
O(zND )
. (5.28)
Recalling that, furthermore, we have another set of less-interesting conserved charges (3.21)
and (4.19), we readily deduce that the expression
1
16πG
∫
S
dΩ s
[
−DIDJ
(
EIJ − iẼIJ
)∣∣
O(zN )
]
(5.29)
is a conserved charge for N > ND and any s, including, in particular, when s is an ℓ = 0, 1
or 2 spherical harmonic. The ∂z terms in (5.24) evaluated at O(z
ND) carry contributions only
from charges (5.29) and hence it is possible to produce a more simple expression for the charge
built out of Newman-Penrose quantities given by
QVK3 =
1
48πG
∫
S
dΩ Y2,m ð̄
2Ψ60
∣∣
O(zND )
for m = 0,±1,±2. (5.30)
Integrating by parts, we obtain the generalisation found in Ref. [18] for the Newman-Penrose
charges of polyhomogeneous spacetimes with finite shear. For a smooth spacetime, ND = 0;
hence the above expression reduces to the original Newman-Penrose charges [22].
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A Polynomials in z = log r
In this appendix, we collect some useful properties of polynomials in z. For λ ∈ R{0} and
n ∈ N≥0
λ
∫ zn ≡ eλz
∫
dze−λzzn
= eλz
(
−
1
λ
e−λzzn +
n
λ
∫
dze−λzzn−1
)
= eλz
(
−
1
λ
e−λzzn −
n
λ2
e−λzzn−1
)
+O(zn−2)
= −
1
λ
zn −
n
λ2
zn−1 +O(zn−2). (A.1)
Let p(z) = pnz
n + pn−1z
n−1 + O(zn−2) be a polynomial in z, then using (A.1), we have by
linearity of ∫λ
λ
∫ p(z) = − 1λpnz
n −
(
n
λ2
pn +
1
λpn−1
)
zn−1 +O(zn−2). (A.2)
Also,
∂zp(z) = npnz
n−1 +O(zn−2). (A.3)
In particular, note that for c independent of z,
λ
∫ c = −
1
λ
c. (A.4)
If we apply a generic linear operator O formed of ∂z, 1 and ∫
λ with λ 6= 0 to any p(z) =
pnz
n + pn−1z
n−1, we get a new polynomial p̃(z) = Op(z) of the same degree, which can be
expressed in the form
p̃(z) = Apnz
n +
(
Apn−1 + nBpn
)
zn−1 +O(zn−2) (A.5)
with A and B n-independent constants depending on the choice of O.
Let X be some tensor of interest, depending on (u, r, xI ) where the r dependence is such
that X can be written as a polynomial in z = log r with coefficients depending on (u, xI), so
X =
∑n
i=0Xiz
i where Xi are tensors of the same rank as X and independent of z. Taking
angular derivatives of such an expression, for example X, gives an expression of the form
F (DI)[X] =
∑n
i=0 Y (Xi)z
i, where at each order the same function Y appears. Suppose we
have an expression PX(z) involving the log r operators above, X and its derivatives, where X
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only appears linearly. In general, we can decompose such as object as follows
PX(z) =
∑
a
OaFa(DI)[X], (A.6)
where Fa(DI)[X] =
∑n
i=0 Ya(Xi)z
i for some Ya. Then by equation (A.5), we can write
OaFa(DI)[X] = AaYa(Xn)z
n +
(
AaYa(Xn−1) + nBaYa(Xn)
)
zn−1 +O(zn−2), (A.7)
which implies that equation (A.6) reduces to
PX(z) =
∑
a
OaFa(DI)[X] =
∑
a
AaYa(Xn)z
n
+
(∑
a
AaYa(Xn−1) + n
∑
a
BaYa(Xn)
)
zn−1 +O(zn−2). (A.8)
Now, we consider making this expression vanish at various orders for generalX. This expression
vanishes at the highest order zn, if and only if
∑
a
AaYa(Xn) = 0. (A.9)
Note that because we assume X to be some arbitrary tensor, the above equation must hold
as an operator equation and should not be viewed an an equation for Xn. At the next order
zn−1, there are two terms that need to vanish independently since one depends only on Xn
and the other depends only on Xn−1, which are not necessarily related. So the z
n−1 coefficient
vanishes if and only if
∑
a
AaYa(Xn−1) = 0 and
∑
a
BaYa(Xn) = 0. (A.10)
Since both Xn and Xn−1 are arbitrary, these conditions show that if PX(z) vanishes at the
highest order, checking that it vanishes at the second highest order only requires one to check
that
∑
aBaYa(Xn) = 0 for some arbitrary Xn. Furthermore,
PX(z)
∣∣
zn−1
= 0 ⇒ PX(z)
∣∣
zn
= 0. (A.11)
This argument can be extended to all orders, where at each order a new condition arises, but
the previous conditions must still be met. We deduce for general X
PX(z)
∣∣
zi−1
= 0 ⇒ PX(z)
∣∣
zi
= 0 (A.12)
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for i = 1, ..., n. In particular, considering the contrapositive,
PX(z)
∣∣
zi
6= 0 ⇒ PX(z)
∣∣
zi−1
6= 0 ∀ 1 ≤ i ≤ n, (A.13)
i.e. in order for the expression PX(z) to vanish at a particular order for general X, it needs to
vanish at all higher orders for general X.
B Identities for tensors on the 2-sphere
Schouten identities have been used extensively in this paper to simplify expressions. For a
traceless, symmetric tensor XIJ , the Schouten identity implies that [20]
ωIJXKL + ωKLXIJ − ωILXJK − ωJKXIL = 0. (B.1)
This equation can be used as the starting point for deriving further useful identities. In
addition to those identities listed in appendix B of Ref. [20], in this appendix, we list a few
other important examples. For XIJ and YIJ arbitrary symmetric, traceless tensors and s some
arbitrary scalar,
X〈I
KYJ〉K = 0, (B.2)
D〈ID
KXJ〉K =
1
2
XIJ −XIJ , (B.3)
XK〈IDJ〉D
Ks =
1
2
XIJs, (B.4)
XIJDLY
KLDKs−X〈I|KDLY
KLD|J〉s−X〈I|KD
LY|I〉LD
Ks = 0, (B.5)
YIJDKDLX
KL + Y KLDKDLXIJ − Y
KLD〈IDJ〉XKL − 2Y〈I|KD
KDLX|J〉L = 0. (B.6)
We briefly explain in turn how the above identities are obtained from equation (B.1). Con-
tracting (B.1) with symmetric traceless tensor Y KL gives (B.2). Next, we apply the derivative
operator DLDK on equation (B.1). This gives
ωIJD
KDLXKL +XIJ −DID
KXJK −D
KDJXIK = 0. (B.7)
Making use of the Ricci identity and the form of the Riemann tensor
RIJKL = δ
I
KωJL − δ
I
LωJK (B.8)
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for the standard 2-sphere metric ωIJ , we get
ωIJD
KDLXKL +XIJ −DID
KXJK −DJD
KXIK − 2XIJ = 0, (B.9)
which is equivalent to (B.3). This is an important identity that is used frequently in this paper.
Similarly, contracting (B.1) with DKDLs gives (B.4).
Contracting equation (B.1) with DMY
KMDLs and taking the symmetric trace-free part of
the resulting equation gives equation (B.5).
Finally, we apply Y KMDLDM as an operator on equation (B.1) to obtain
ωIJY
KMDLDMXKL + Y
KLDKDLXIJ − Y
KLDIDLXJK − YJKD
LDKXIL = 0. (B.10)
Now, relabelling I →M in equation (B.1) and acting with YMLDID
K gives
YJLDIDKX
KL + Y KLDIDLXJK − Y
KLDIDJXKL = 0. (B.11)
Using equation (B.11) to substitute for the Y KLDIDLXJK term in equation (B.10) gives
ωIJY
KMDLDMXKL + Y
KLDKDLXIJ + YJLDIDKX
KL
− Y KLDIDJXKL − YJKD
LDKXIL = 0. (B.12)
Next, replacing X → Y in equation (B.1) and acting with DLDMX
KM gives
ωIJY
KMDMD
LXKL + YIJDKDLX
KL − YJLDIDKX
KL − YIKD
KDLXJL = 0, (B.13)
which we use to replace the YJLDIDKX
KL term in equation (B.12), resulting in
ωIJY
KMDLDMXKL + Y
KLDKDLXIJ + ωIJY
KMDMD
LXKL + YIJDKDLX
KL
−YIKD
KDLXJL − Y
KLDIDJXKL − YJKD
LDKXIL = 0. (B.14)
We use the Ricci identity to exchange the DK and DL derivatives in the last term. This results
in an additional term of the form XIKYJ
K . Now, taking the symmetric trace-free part of this
equation and using equation (B.2) yields identity (B.6).
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C ℓ = 0, ℓ = 1 and ℓ = 2 spherical harmonics
In this appendix, we list useful properties of ℓ ≤ 2 spherical harmonics. This appendix has
a large overlap with appendix C of Ref. [20]. However, given the importance of these results
in this paper, for completeness, we reproduce the relevant equations here. A regular function
ψ(xI) on the sphere can be written in terms of an expansion
ψ(xI) =
∞∑
ℓ=0
l∑
m=−ℓ
ψℓm Yℓm(x
I) (C.1)
with ψℓm constants on the sphere and the spherical harmonics Yℓm(x
I) with ℓ ≥ 0 and |m| ≤ ℓ
obeying
Yℓm = −ℓ(ℓ+ 1)Yℓm. (C.2)
Consider the equation
D〈IDJ〉ψ = 0. (C.3)
Let TIJ = D〈IDJ〉ψ. Integrating by parts and using the Ricci identity, it can be shown
∫
S
dΩ |TIJ |
2 =
1
2
∫
S
dΩ ψ(+ 2)ψ. (C.4)
If ψ(xI) is regular, we can assume the expansion (C.1). Plugging this into (C.4) and using the
orthogonality relations for spherical harmonics
∫
S dΩ YℓmYℓ′m′ = δℓℓ′δmm′ , we find
∫
S
dΩ |TIJ |
2 =
1
2
∫
S
dΩ
∞∑
ℓ=0
∞∑
ℓ′=0
ℓ∑
m=−ℓ
ℓ′∑
m′=−ℓ′
(ℓ− 1)ℓ(ℓ+ 1)(ℓ+ 2)ψℓmψℓ
′m′YℓmYℓ′m′
=
1
2
∞∑
ℓ=0
ℓ∑
m=−ℓ
(ℓ− 1)ℓ(ℓ + 1)(ℓ + 2)|ψℓm|2. (C.5)
Notice that each term in the summation on the RHS is non-negative. Therefore, for the RHS
to vanish, all terms must individually vanish, which implies that the RHS vanishes if and only
if ψℓm = 0 for all ℓ > 1, i.e. ψ(xI) is a linear combination of ℓ = 0 and ℓ = 1 modes. We
conclude, then, that equation (C.3) holds if and only if ψ(xI) is a linear combination of ℓ = 0
and ℓ = 1 modes.
Consider now equation (3.30), which is equivalent to
TIJK = 0, TIJK = 2DKD〈IDJ〉ψ − ωK〈IDJ〉ψ − 2ωK〈IDJ〉ψ. (C.6)
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For a function ψ(xI) that is regular on the sphere, integration by parts can be used to show
that ∫
S
dΩ |TIJK |
2 = −
∫
S
dΩ ψ( + 2)( + 6)ψ. (C.7)
Inserting expansion (C.1) into the above equation yields
∫
S
dΩ |TIJK |
2 =
∞∑
ℓ=0
m∑
ℓ=−m
(ℓ− 2)(ℓ− 1)ℓ(ℓ+ 1)(ℓ + 2)(ℓ+ 3)|ψℓm|2. (C.8)
Using the same argument as above, we deduce that TIJK = 0 if and only if ψ(x
I) is a linear
combination of ℓ = 0, 1 and 2 spherical harmonics.
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